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An analytical expression is derived for the shear dispersion during transport of a neutral nonreacting solute within a
coupled system comprised of a capillary tube and a porous medium under the combined effects of pressure-driven and
electro-osmotic flows. We use the Reynolds decomposition technique to obtain a dispersion coefficient by considering a
sufficiently low wall or zeta potential that accounts for the combined flows. The coupled dispersion coefficient depends
on the Debye—Hiickel parameter, Poiseuille contribution fraction, and Péclet number. The developed model also pro-
vides a shear dispersion coefficient for an impervious capillary tube (noncoupled system). The ratio of the coupled
(porous wall) and noncoupled (impervious) dispersion coefficients reveals that it is essential to include the transport of
chemical species from the tube to the porous medium in several important physical situations. These findings have impli-
cations for design of chemical species transport in porous microfluidic networks and separation of emulsions in
microchannel-membrane systems. © 2015 American Institute of Chemical Engineers AIChE J, 61: 3981-3995, 2015
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Introduction

The two processes of mixing and separation act against
each other in many operating circumstances in an elution pro-
cess. Mechanisms like diffusion and dispersion prevent sepa-
ration whereas they help mixing. Improving the performance
of either mixing or separation has motivated numerous theo-
retical and experimental studies to investigate dispersion in
electro-osmotic flow (EOF) with'™ or without™'® existence of
pressure-driven flow. The EOF, which is generally preferred
over pressure-driven flow in separation processes, is generated
by an electric field accompanied with the electric double layer
(EDL) formed close to a wall due to the ionic nature of an
electrolyte carrying a chemical species. The thin EDL is valid
for most aqueous systems because the Debye length (a mea-
sure of the EDL thickness) is only a few nanometers (1—
10 nm) in such cases.

As compared with transport in pressure-driven flow, the
most important advantages of EOF under the condition of a
thin EDL is associated with producing a much weaker disper-
sion of a solute matter leading to more efficient separation.
The Taylor'” dispersion happens due to the shear flow (or
velocity variation in the transverse direction) within a capil-
lary tube. The EOF produces relatively weak dispersion as the
electro-osmotic velocity profile is almost plug-like (flat)
within the capillary tube except within the thin EDL. Taylor
and Yeung,18 Herr et ad.,19 and Tallarek et al.° experimentally
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verified the plug-like velocity profile of the EOF. In contrast,
the pressure-driven flow resembles a parabolic velocity profile
and, consequently, generates much stronger dispersion in the
case of a high velocity (or Péclet number). This significant dif-
ference between pressure-driven and EOF flows results in the
latter as a potential technique for separation, in which disper-
sion is undesirable. However, it is not easy to create a purely
EOF while dealing with microfluidic networks'~1%2! and,
therefore, the EOF is generally accompanied with the
pressure-driven flow due to several mechanisms.** Although
the pressure-driven flow is expected to be much weaker than
the EOF (main flow) in the applications of interest, neverthe-
less, it contributes considerably to the dispersion of a chemical
species as a result of the parabolic shape of the velocity pro-
file. In the case of purely pressure-driven flow, the effects of
several conditions at the tube wall (e.g., no—ﬂux,l7’23’24 adsorb-
ing,>** permeable,’**® and porous®®* %) were investigated
while in the case of the purely electro-osmotic and combined
electro-osmotic and pressure-driven flows, the studies of the
effects of the no-flux,' ™13 adsorbing,“’m’%’34 porous,21’35’36
and permeable'>* conditions at the tube wall are still very
limited.

Datta and Kotamarthi' derived a dispersion coefficient for a
capillary tube with a nonporous wall that accounts for the
combined effects of pressure-driven and EOFs. They intro-
duced a new parameter as the fraction of the combined flows
contributed by pressure-driven flow, which made the analysis
easier.’ Assuming a sufficiently low wall or zeta potential,
Datta,” McEldoon and Datta,® and Griffiths and Nilson’ eval-
uated a dispersion coefficient for EOF within the tube and par-
allel plates with a no-flux boundary condition at the wall.>~’
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Zholkovskij et al.” interpreted the dispersion of a nonelec-
trolyte solute due to the EOF in a long straight microchannel
using a thin EDL for arbitrary wall or zeta potential.” Hydro-
dynamic dispersion due to the electro-osmotic and combined
flows through microchannels under the condition of a thin
EDL for an arbitrary wall or zeta potential, electrolyte type,
and geometry of a cross-section was addressed by Zholkovskij
and Masliyah.?

Dutta and Leighton2 investigated the effect of channel side-
walls on longitudinal dispersion in combined flows. Their
results revealed that the flow, wall retention, and the interac-
tion between the two clearly contribute to the slug dispersion
in the mobile phase for any arbitrary channel geometry.”
Later, Huang and Lai'' theoretically studied mass transport
driven by EOF in a two-dimensional (2-D) microchannel and
discussed their results based on the velocity and concentration
profiles in the channel.!' Thereafter, Datta and Ghosal® studied
three sources of dispersion, including inhomogeneous flow
fields, solute wall interactions, and force fields normal to chan-
nel walls in details. They also discussed microfluidic and
nanofluidic applications of their work to capillary electropho-
resis, chromatography, and field-flow fractionation.* Subse-
quently, Ramon et al.'? theoretically studied mass transfer in
an EOF for the case of a cylindrical tube with a reactive wall.
They derived an analytical expression for the dispersion coef-
ficient, reflecting the time-averaged mass flux of an electri-
cally neutral solute.'?

Paul and Ng13 reported an analytical study for the disper-
sion of a neutral solute released in a 2-D channel with an EOF
arising from an electric field interacting with two walls."?
Later, Paul and Ng14 performed an analytical study on the
time development of hydrodynamic dispersion of an inert spe-
cies in EOF through a rectangular channel. The objective of
their work was an investigation of the effect of the channel
side walls on the dispersion coefficient.'* Subsequently, Ng
and Zhou"® performed an analysis for the dispersion of a neu-
tral nonreacting solute due to EOF through a circular channel
under the combined effects of longitudinal nonuniformity of a
wall or zeta potential and hydrodynamic slippage on the chan-
nel wall.'?

Ghosal®® presented a theoretical model for the EOF of sol-
ute species when the wall or zeta potential is locally modified
by adsorption of the species onto the wall from the carrying
electrolyte.33 Later, Datta and Ghosal** generalized the
asymptotic theory developed by Ghosal®? to take into account
a slow axial variation in a cross section and arbitrary cross-
sectional shapes.34 Recently, Song et al.'® theoretically inves-
tigated dispersion in EOF in a microchannel under the effect
of kinetic sorptive exchange at walls (made up of different
materials) using the homogenization method. They analyti-
cally derived a general expression for the Taylor dispersion
coefficient under different zeta potentials as well as various
sorption conditions at the walls.'® In this work, a combined
pressure-driven and EOF within a capillary tube with a porous
wall is considered.

Transport in microfluidic networks and several other appli-
cations™*16-3344 may involve interaction of more than one
medium. For example, a capillary tube may be surrounded
with a porous medium, which interacts with the fluid inside
the capillary tube. However, to the best of our knowledge the
influence of the porous tube wall on a dispersion coefficient
during solute transport under the combined effects of pressure-
driven and EOFs was not studied until now. The previous ana-
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lytical studies on determination of the dispersion coefficient in
a coupled system, resembling a capillary tube with a porous
wall, have been traditionally based on the assumption of no
interaction between the capillary tube and porous medium.
This so-called noncoupled approach resembles a capillary tube
with an impervious wall with a no-flux boundary condition at
the wall.

This work aims to improve the previous theoretical studies
by taking into account the interaction between a porous
medium and a capillary tube in determination of a shear dis-
persion coefficient due to the combined pressure-driven and
EOFs. To achieve this, we start with a 2D coupled system, in
which the interaction between the capillary tube and porous
medium is handled by imposing the continuity of concentra-
tion and mass flux at the porous wall. Then, the Reynolds
decomposition method is applied to develop an equivalent
one-dimensional (1-D) model for advective-dispersive trans-
port with equivalent transport coefficients such as the disper-
sion coefficient and the equivalent advection term. This work
provides a more representative shear dispersion coefficient,
which can be used in modeling of solute transport in a capil-
lary tube surrounded by porous media.

Transport of solute through a capillary tube with a porous
wall can result in less dispersion compared with that of a non-
porous wall of the same dimensions.?®*? Moreover, due to
mass exchange between the capillary tube and porous medium
the effective velocity in a capillary tube with a porous wall is
greater than that of a nonporous wall.?®2? Thus, determina-
tions of transport coefficients (including correct dispersion
coefficient and effective velocity), which considerably affect
on the solute transport, are crucial. Because of these character-
istics, study of dispersion in a capillary tube with a porous
wall under the combined effects of pressure-driven and EOFs
can be of great importance for many applications. In the fol-
lowing, some of these applications are discussed.

The dispersion in a capillary tube with a porous wall in
microfluidic networks offers significant practical applications.
Various applications of the combined pressure-driven and
electro-osmotic or purely electro-osmotic effects to control
fluid flow, chemical species transport, and associated proc-
esses in porous microfluidics devices, porous microtubes, and
parallel porous plates are reported in literature.>'+33-3¢

Scales and Tait>' presented analytical solutions for com-
bined pressure-driven and EOFs in the form of a channel with
porous walls using the linearized Poisson—Boltzmann equation
with application to porous microfluidics devices.”' Subse-
quently, Vennela et al.*® studied mass transfer of a neutral sol-
ute due to combined pressure-driven and EOFs in a
microchannel with porous walls. They used a 2-D steady state
advection-diffusion equation in a microchannel, in which
advection is considered in longitudinal and transversal direc-
tions while diffusion is included in transversal direction. Ven-
nela et al.* imposed the role of porous walls through the
Robin boundary condition at the interface between the micro-
channel and porous medium.>® Later, Vennela et al.>
extended their work to study mass transfer of a neutral solute
due to pressure-driven and EOFs in a microtube with a porous
wall.*® The main purpose of these two works was to obtain
analytical expressions for Sherwood number in these coupled
systems.35’36

A relevant application of chemical species transport under
EOF through a porous microchannel is electrically assisted
transdermal drug delivery, which is one of the newest
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promising drug delivery systems.*”> This process includes
controlled and facilitated transport of drugs (e.g., insulin,
nitroglycerin, or testosterone) into the skin or tissue under the
effect of an electrical potential gradient.

This work finds applications such as those described by
Scales and Tait*' and Vennela et al.>>*® for fluid flow through
porous microfluidics networks and mass transfer in microchan-
nels and microtubes with porous walls. Another application of
the present analysis is separation of microemulsions in a mem-
brane where a dilute emulsion can be subjected to an external
electric field in a microchannel with porous walls.’*>” During
the separation, some of the suspended droplets are attracted to
the porous walls and pass through the membrane. This process
offers practical applications addressing separation of the com-
ponents of a microemulsion.’®>’

Revil and Pessel’” addressed the validity of the classical
transport equations in shale containing porous media where
the combined pressure-driven and EOF exist using an EDL for
low wall or zeta potential (<50 mV). Their investigation has
many important applications such as measurements and evalu-
ations of self-potential, electrical logging of hydrocarbon
wells, disposal sites of waste materials, removal of contami-
nates from shales, accurate measurements of permeability of
tight and shale formations, dewatering of shaly soils. In all
these applications, an EOF is created due to the flow of pore
water through shale containing porous media under an electri-
cal field or an electrical current density. With current interest
in extraction of hydrocarbons from tight and shale formations,
application of electro-osmotic transport for determination of
permeability of tight and shale rocks and electrical well log-
ging of these formations becomes necessary and poses very
significant and challenging research topics.

This study has the following main features. First, an analyti-
cal expression is developed for the shear dispersion during
transport of a neutral nonreacting solute within a coupled sys-
tem comprised of a capillary tube and a porous medium under
the combined effects of pressure-driven and EOFs by consid-
ering a sufficiently low wall or zeta potential. Second, it pro-
vides a model for determination of delivery of a chemical
species to porous media surrounding a capillary tube.

The outline of the article is as follows: First, the theoretical
model and solutions are presented. Then the results are dis-
cussed, followed by a summary and conclusions.

Theoretical Modeling

In this section, after description of the studied physical sys-
tem, the governing equations of fluid flow and solute transport
are described. Then, the Reynolds decomposition method is
used to reduce the 2-D solute transport model and obtain an
equivalent 1-D model for advective-dispersive transport in the
capillary tube. Finally, the analytical expressions for the dis-
persion coefficients in noncoupled and coupled systems are
presented and discussed.

Assumptions and description of the physical model

Consider a horizontal capillary tube of radius R and length
L surrounded by a porous medium of thickness AR shown in
Figure 1. A 2-D cylindrical coordinate system (x, r) is adopted
with the origins of the axial and radial directions at the inlet
and center of the capillary tube, respectively. The capillary
tube is connected between two reservoirs of an electrolyte (or
buffer) with an induced or applied electric field (E) across it.
A concentration C* of the solute is introduced instantaneously
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at time zero (as a pulse) at the inlet of the capillary tube
(x =0). Under these circumstances, two processes, including
electrophoresis and electro-osmosis, may be created. The elec-
trophoresis is the movement of ions (cations and anions) under
the influence of an electric field, which results in the electro-
phoretic velocity (different for each species of the solute). As
cations have positive and anions have negative charges, these
species move in opposite directions. Cations move toward the
cathode (—) where the detector is typically located. Cations of
larger charge and of smaller size move at a faster rate than
larger cations with smaller charges. Anions move toward the
anode (+) and neutral species do not experience the electrical
field. The electro-osmosis is the electrically driven motion of
all species relative to the wall of the capillary tube, which
leads to the bulk electro-osmotic velocity, u, (the same for all
solute species except in the EDL region). In the case of the
very small electrolyte concentration, the presence of the elec-
trolyte does not alter the local conductivity. In other words,
the solute is neutral and nonretained (or nonreacting) that does
not have strong coulombic forces or adsorptive interaction
with the wall of capillary tube as the electro-osmotic velocity
is considerably greater than the electrophoretic velocity of
most species.l’ls’58 Therefore, under these conditions the elec-
trophoretic velocity can be assumed negligible compared with
the electro-osmotic velocity. In addition, a pressure gradient
(dp/dx = Ap/L) exists along the capillary tube, which gives
rise to a bulk pressure-driven flow with velocity of u,. The
pressures at the inlet and outlet of the capillary tube are
assigned by p;, and poy, respectively. As a result, the com-
bined velocity becomes u = u,, + u,, which demonstrates that
the solute species move at various velocities under the effects
of the electric field and pressure gradient, leading to separa-
tion, and are eluted and detected at the outlet of the capillary
tube (x = L). However, transport of a chemical species from
the fluids inside the capillary tube to the surrounding porous
medium may happen and affect the dispersion, which is the
theme of this study.

The important assumptions involved in this study are as
follows:

1. The transport of chemical species from the fluids
inside the capillary tube to the porous medium is handled by
the continuity of concentrations and mass fluxes at the
interface.

2. The system is isothermal.

3. The Reynolds number is much smaller than unity,
which means that the inertial term is negligible compared
with the viscous term and the flow is laminar.”

4. By assuming that the tube length is much larger than
the tube radius, the axial velocity has to be significantly
larger than the radial velocity; and therefore, the fluid flow
is nearly 1-D. This assumption is necessary for determination
of dispersion coefficient using the Taylor approach.m‘61

5. The electrolyte is symmetric binary, which consists of
two types of ions of equal and opposite charge (e.g.,
Na"Cl").

6. The electrolyte concentration is very low and the pres-
ence of the electrolyte does not alter the local conductivity. In
other words, the solute is neutral and non-nonreacting and
there is no solute adsorption on the wall of the capillary tube.

7. The physical properties of the electrolyte solution
remain constant throughout the system.

8. The electric field and pressure gradient are uniform in
the capillary tube surrounded by the porous medium.

DOI 10.1002/aic 3983



(@)

No-flux
"""""" 5 g g RAAR
Porous medium o
Diffusion AR
N AN A
- HEEEEEEEE) o,
PP LB HH | K’
.T . . —>u | =
+ . Advection - Diffusion _________| —
1 L
Din '|| : Up (Pin<Pouw) €— —>Uu, ( pin™ Pour) |‘ : Dot
‘_+‘3—p+‘+‘+_+9(%)3-f'+3€-_+‘+‘+‘+_+J
Y Y Y Y Y Y " Y- ‘_}Y\ Y- A T S~ -
720 2
Porous medium Diffusion
No-flux
L
[
| I
E

(b)

Porous medium

Figure 1. (a) Configuration of the physical model for a coupled system comprised of a capillary tube and a porous
medium and (b) cross-section view of the physical model.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

9. The electric potential in the EDL of thickness k' fol-
lows the Poisson equation.

10. The charge density in the EDL of thickness x~ ' fol-
lows the Boltzmann distribution.

11. For sufficiently low wall or zeta potential (<<25
mV), the Debye—Hiickel linearization holds valid.®'

12. The wall or zeta potential is assumed to be constant
during the mass transfer between the capillary tube and
porous medium.

Some of the assumptions aforementioned (8—12) have been
adopted to make the problem analytically tractable. More
importantly, application of these assumptions for the EDL in
the vicinity of a porous wall needs further investigations.
There may be a difference between the nature of the EDL for
the porous and nonporous walls. In the case of the porous
wall, a small discontinuity exists at the interface between the
capillary tube and porous medium. The solution of the stand-
ard Poisson—Boltzmann equation along with the Debye—
Hiickel approximation (or linearization) may not be applicable
here as this approach is technically applicable for the EDL at
an infinite flat plate. However, for model presented in this
work, it is assumed that the EDL formed near the wall of cap-
illary tube is thin enough that it does not extend beyond the
interface between the two media. This assumption has been
extensively used for noncoupled (conduit with nonporous
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walls) and coupled (conduit with porous walls)
systems. The used assumption in this study was recently
applied by Vennela et al.*>=¢ to obtain analytical expressions
for Sherwood number in coupled systems, including micro-
channel®® and microtube® with porous walls. However, to the
best of our knowledge there is no explicit analytical expres-
sion available in the literature that takes into account the
porous nature of the wall for EDL.

Governing equations

In this subsection, the governing equations that cover fluid
flow and chemical species transport through a capillary tube
with a porous wall are described.

Fluid Flow. The dimensionless combined velocity, up, in
the capillary tube can be presented in terms of the dimension-
less pressure-driven velocity, upp, and electro-osmotic veloc-
ity, Uep, as follows'

up () =ity () +ttep (rp) =200 (1= r2) +£u(1-) {1—’0(’“’”’)]
I()(KTD)

(D

where f. = 1/(1-24), A= 1/kp)i(kp)/lo(kp), up=u/u,

upp=u,/u, Uep =1l /1, rp=r/R, Kp=KR, and

w=u,/u=1—(te/u), in which Iy and I, are the modified
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Bessel functions of the first kind of order 0 and 1, u,,, and u.p
are dimensionless pressure-driven and electro-osmotic veloc-
ities, i, i1, and if. are the cross-sectional averages of the com-
bined, pressure-driven, and electro-osmotic  velocities,
respectively, rp is the dimensionless radius, kp is the dimen-
sionless Debye—Hiickel parameter or the dimensionless
inverse of the Debye length (a measure of the dimensionless
EDL thickness), and o is the fraction of the combined flow
contributed by pressure-driven (Poiseuille) flow. It should be
noted that the Poiseuille contribution fraction o is not
restricted within the range of 0 < w <1 and it can vary from
—o0 to +00.! The case of w =1 corresponds to the purely
pressure-driven flow, whereas w =0 refers to the case of
purely EOF. In the case of @ #0 and o # 1, combined flows
exist and three different scenarios may happen as described in
the following:

1. For @ < 0 (countercurrent flow), the pressure-driven
flow («+) opposes the electro-osmotic and combined flows
(=)

2. In the range 0 < w < 1 (cocurrent flow), the pressure-
driven, electro-osmotic, and combined flows have the same
direction (—).

3. For @ > 1, (countercurrent flow) the EOF («) opposes
the pressure-driven and combined flows (—).

It is worth mentioning that the combined flow is always in
the positive x-direction.

Chemical Species Transport. The material balance for the
chemical species in the capillary tube gives the 2-D advection-
diffusion equation

D, 9Cp
D, (91‘[)

6C1D _ 82C1D azch

19Cp
Oxp  Ox} or},

I'D 81‘0

+Peup(rp)

2

where C1p=C1/C*, tp=D»t/R*, xp=x/R, and Pe=iiR /Dy, in
which C; is the concentration of the chemical species inside
the capillary tube, C* is the instantaneously injected chemical
species concentration at time zero (as a pulse) at the inlet of
the capillary tube, Cjp is the dimensionless chemical species
concentration within the capillary tube, ¢ is the time, D is the
effective molecular diffusion coefficient in the capillary tube,
D, is the effective molecular diffusion coefficient in the
porous medium, 75, is the dimensionless time, xp is the dimen-
sionless distance, and Pe is the Péclet number.

The mass transfer in the porous medium is assumed to be
diffusion dominated. Therefore, the governing equation for
chemical species transport in the porous medium can be
obtained as

0*Cap 1 0Cyp _ 0Cyp
ai‘% 14} aI‘D 8ZD

3

where Cop=C,/C*, in which C, is the chemical species con-
centration inside the porous medium and C,p is the dimen-
sionless chemical species concentration within the porous
medium.

Equations 2 and 3 are coupled as a result of continuity of
concentrations and mass fluxes along the porous wall. The
appropriate initial and boundary conditions for the chemical
species transport or solute in the capillary tube, Eq. 2, and the
porous medium, Eq. 3, can be described as follows:

The initial chemical species concentration inside the porous
medium is equal to zero
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Cop(rp,tp=0)=0 4)

A chemical species is injected instantaneously at time zero
(as a pulse) at the inlet of the capillary tube

Cip(xp,rp,tp=0)=0d(xp) )

where 6 is the Dirac delta function, which is equal to 1 when
Xp is equal to zero and is O otherwise.

It is assumed that the chemical species concentration dimin-
ishes at far distance from the injection point

Cip(xp — 00,1p,tp)=0 (6)

The chemical species concentration gradient is equal to zero
at the center of the capillary tube due to symmetry
E)C]D(xD, 1)) :07 ID)
Gr D

=0 @)

The continuity of chemical species concentrations and mass
fluxes at the porous wall between the capillary tube and porous
medium results in

Cip(xp,rp=1,tp)=Cap(rp=1,1p) ()]

OCip(xp,rp=1,1p) 0Cop(rp=1,1tp)
8rD aI‘D

Dipo, =Dy, )
where ¢, is the porosity of the capillary tube, which is nor-
mally equal to 1, and ¢ is the porosity of the porous medium.
The continuity of mass fluxes at the interface between the cap-
illary tube and the porous medium is based on Fick’s first law.

There is a no-flux boundary condition at the external radius

of the porous medium leading to

0Cyp(rp=1+a,tp)
al'D

=0 (10)

where a=AR /R, in which a is the ratio of the porous medium
thickness to the tube radius and AR is the thickness of the
porous medium.

Reduction of the chemical species transport model

To reduce the 2-D solute transport model and obtain an
equivalent 1-D model for advective-dispersive transport, the
Reynolds decomposition method is used. In this approach the
chemical species concentration and velocity in the capillary
tube can be considered as the sum of the cross-sectional aver-
age values and their deviations from the averages as described
by>®

{ Cip(xp,7p,1p) }_{ Cip(xp,tp) }+{ C'ip(xp,rp,tp) }
up(rp) Up u'p(rp)

{CID(XDJD)} {C'lD(XD,"DJD)}
= +
1 u/D(”D)

(11)

where Cip and iip are the cross-sectional averages of the
chemical species concentration and velocity inside the capil-
lary tube, defined as JOI Cip2rpdrp and fol up2rpdrp=1, and
C'\p and u/p are the corresponding deviations from the aver-
ages. From the definition of the deviations, the cross-sectional
averages of deviations are zero’’
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J ZFDd)’DZO (12)
M,D

0

By substitution of Cyp and up from Eq. 11 into Eqgs. 2 and
4-9, one can arrive at following equations

D,dCp  D20C'1p aCip aC'1p
== += +Peup(r 4
D, 61‘]_) D, 81‘]_) euD(’D) ox, XD €MD(I”D) 8xD
_ (92611) n 62C’1D n BZC’lD 1 oc’ 1D
Ox3, ox3, or} rD Orp
(13)

Cip(xp,tp=0)+C"1p(xp,rp, tp=0)=05(xp) (14)
Cip(xp — 00,tp)+C'1p(xp — 00,rp,tp)=0 (15)
AC"1p(xp,rp=0,1p)

orp
Cip(xp, tp)+C1p(xp, rp=1,tp)=Cap(rp=1,1p) 17

IC'\p(xp,rp=1,1p) _p 0Cap(rp=1,1p)
=Dty ———F—>
8rD 87'D

=0 (16)

Dip¢, (18)

Taking the cross-sectional average of Eq. 13 and using Egs.
12 and 16 result in

_ -
&OCID +Pe aClD-i-PeuD(iD)ac b_ o C;D
Dy 8[[) ox, XD D aXD (19)
OC" \p(xp,rp=1,1p)
+2
8}*0

By introducing a new dimensionless parameter, 5, Eq. 19
can be generalized to incorporate impervious (or no-flux)
boundary condition at the wall of the capillary tube as given
by

D ~ ;o 2~
_28C1D +Pe OCup +Peup(rp )8C 1D o C;D
D, 8[[) 6)6 ox, XD 8XD (20)
+2B6C 1D(XD,I'D:l7tD)
al”D
where

{0 Tube with impervious wall (or noncoupled system)

1 Tube with porous wall (or coupled system)

20
Subtracting Eq. 20 from Eq. 13 leads to
D, 0C'1p aCip aC'1p
—= +P p)—1 +P
D] {%D ¢ [UD(’D) ] a)CD 8141)(1[)) 8xD
VRN 82CI1D 82C/1D 1 (9C/10
—Peup(rp) %= — 22
eup(rp) 5 ox, o P W, (22)
—Zﬁac i(xp,rp=1,1p)
6rD

To this point Eq. 22 is exact. Now, we use three important
assumptions adopted from Taylor'” and Fischer et al.°* on the
theory of dispersive solute transport for determination of a dis-
persion coefficient. Based on Taylor’s theory, after a sufficient
time has elapsed as the introduction of solute into the capillary
tube, transverse diffusion eliminates concentration deviations
in the transverse direction and, thus, a quasi steady-state con-

dition can be reached implying that OC’\p/0tp ~ 0. In other
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words, for a time scale on the order of the diffusion time
across the capillary tube, 1 =R2/D1, the process has reached
the condition that no appreciable transverse concentration
deviations exist.!”?*2062:63 Algo, the deviation of concentra-
tion in the capillary tube, C'1p, is a slowly varying function
and, therefore, the third and fourth terms on the left-hand side
of Eq. 22 will nearly balance each other.®® In addition, longitu-
dinal advection can be considered to be dominant as compared
with longitudinal diffusion (Pe [up(rp)—1]0Cp/Oxp >
0*C'1p/0x3). This assumption recognizes that longitudinal
transport of solute is mainly due to longitudinal advection and
longitudinal diffusion does not play any role.'”**2¢:6264 By
taking into consideration these assumptions and using Eq. 1
and making some rearrangements, Eq. 22 reduces to

(2co (1=rp)+f(1-w) {1—@} _1>Pe 5C1p

Io(x X
o(kp) > o3
+2ﬁaCIID(xD7rD:1»ZD):ii - aC'1p
6rD 'p 8I’D b 81’[)

To obtain C'yp, it is needed to integrate both sides of Eq. 23
with respect to rp twice and use Eqs. 12 and 16 to determine
constants of integration, which gives

Io(kprp)

C'ip= — 7
! K%I()(KD)

~ soryt s Po- 1+ (1=0)lh— (1-0)

_ 2
PRSI X Cnl) N AL B
g 24”7 2 \n7s
_ BOCp(xp,rp=1,tp) ..
4 BrD (1 2rD)

dCip

P
¢ 8xD

(24)

To close the formulation, it is required to find the term
up(rp)0C'1p/Oxp in Eq. 20. The first derivative of Eq. 24
with respect to xp, is obtained as follows

oC'1p 1 1 . [O(KD"D)
20— 1+f, (1—w)]r3—f (1—w) =22
aXD |: S(UrD 4[ @ f ( )]rD f ( (}J) K%I()(KD)
1 5  fl-o) (1 x} *Cip
e e
s 1 2 s Y|P e
_ BOCw(xp,rp=1,1p) . 5
4 arDOxD (1 2rD)

(25)

By Egs. 1 and 25, the cross-sectional average of up (rp)I9C' 1p/
Oxp is derived as

1
—ac., ac’
w0 5= () 57
0

) 2}‘DdI‘D =
XD

[Yp1 0*+Y 0 0+ Y 0 (1—m)+Ye (l—co)2

(26)
9*Cip
+Ye (1-)]Pe
2 (1-w)] P
O*C'yp(xp,rp=1,1p)
+ —
Q’ﬁ[ Pzw Yez(l (,0)] arDaxD
where Y,1=—1/16,Y2=1/24, and
1+22 16(1—22
Y=t | - (1+8/1) (Kz )_ (K4 o
D D
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Yo =12 [— Yosany+ 2(1’“722“} 28)
4 Kp
U (1-22)
YeZ _fe |:Z A K% :| (29)

The integration indicated in Eq. 26 is lengthy but straight-
forward, although it may be tedious due to involving the Lom-
mel® and other difficult integrals.”> Appendix A shows these
integrals accompanied with the modified Bessel functions of
the first kind of order 2 and 3 (/,, I5) as functions of the modi-
fied Bessel functions of the first kind of order 0 and 1 (Io, ,).8

Combination of Egs. 20 and 26 and making some rearrange-
ments result in

& aéu) v aélp _
D, 8tD 8xD

1=[Yp & +Yppo+Y,e o (1—w)+Ye (1— a))

= (30
+a(1-w)jpe) ZC0 2y 2000 =10t
D
O*C'\p(xp,rp=1,1p)

+ + -
2p [sz w+Ye (1-w)] Pe OrpOxp

To eliminate C'p(xp,p=1,1p)/Irp in Eq. 30, Eq. 24 is
used for rp =1 and f# = 1 and then it is combined with Eq. 17,
which gives

OC'1p(xp,rp=1,1p)

:4C2D(FD21,ID)_461D

8I‘D (31)
B B (1-w)|Pe OC1p
) p3 e3 8xD
where ¥,3=2/3 and
(1 4(1-24)
Ye3=fe [5 2 ] (32)

Also, for elimination of the term 9*>C’|p(xp,rp=1,1p)/0rp
Oxp in Eq. 30, Eq. 25 is applied for rp = 1 and § = 1 and then
it is combined with the first derivative of Eq. 17 with respect
to xp, which results in

O*Cip(xp,rp=1,1p) _ 43510
OrpOxp T Oxp
1 ’ 0*C (33)
—§+Yp3w+Ye3 (1_60) Pe ang

By considering ff =1, which resembles a coupled system,
and combination of Egs. 30, 31, and 33 and making some rear-
rangements, one gets

Dzacw 9Cup
+1Z, o+Z. (1-w)] Pe =
Dl a[]_) [ ( w)] axD
0*C
(1=, 02+ Xy 0 (1-0)+ X (1-0) e 202 O
Oxp,
+8[Cap(rp=1,1p)—C\p]
where Z,=8Y,,+2Y,3=5/3, X, =Y, +2Y,,Y,3=—1/144, and
1-84) 16(1—24
Xpe=YpeT2Y Y3 +2Y 0 Y 3=f. | — ( 2 ) 4 )
Kp Kp

(35)
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1-22) 8(1—4.+42
Xe=Ye1+2Ye Yes =f2 [—/12+( k ) 8 : ’“)}
Kp Kp
(36)
16(1-24
Ze:8Y62+2Ye3 :fe |:(1+2/1)_¥:| (37)
Kp

Equation 34 shows an equivalent 1-D model for advective-
dispersive transport in the capillary tube, in which the interac-
tion between the capillary tube and porous medium is handled
by imposing the continuity of concentrations and mass fluxes
at the porous wall. The coefficients of dC,p/0xp and 8*C1p/
Ox% in Eq. 34 show the equivalent average velocity and the
dispersion coefficient, respectively, in a coupled system.

To solve Eq. 34, the appropriate initial and boundary condi-
tions can be obtained by taking the cross-sectional average of
Eqgs. 14 and 15 and using Eq. 12, which result in

C]D(XD,Z‘D:O):é(XD) (38)
Cip(xp — 00,1p)=0 (39
The suitable initial and boundary conditions for solving Eq.

3, which is the governing equation for transport of chemical
species in the porous medium, are as follows

CZD(VD,[DZO):O (40)
1D, ¢2 8C2D(iD 1 ID) =

(& 1,¢ - =C
2D(rD D) 4D1 ¢1 81[) b
1 PedC “h
e 1D
+ 75+YI,3w+Ye3(l*w) T o
=1+a,t
8C2D(rD a, D) -0 (42)

6}”D

where Eq. 41 can be obtained by combination of Egs. 18 and
31.

The Laplace transform method can be applied to solve Egs.
3 and 34 and find the average concentrations in both domains
and mass of the chemical species delivered to the porous
medium surrounding the capillary tube. Here our focus is on
dispersion coefficient due to a combined pressure-driven and
EOF in a capillary tube with a porous wall (or coupled
system).

Dispersion coefficient in a noncoupled system

The deviation of the combined velocity profile from its
cross-sectional average gives rise to the dispersion in a capil-
lary tube with an impervious wall (or a noncoupled system).
Using the definition of the Péclet number, the dimensionless
dispersion coefficient of chemical species for a noncoupled
system  (Dponcoupled =DPhoncouptea/D1) can be obtained using
p=01inEq. 30

ﬁnoncoupled: 1- [Ypl wZ +Yp2 60+Ype w (1 —a))

43
Yo (1—0)*+Ye, (1—w)]Pe? @3

Datta and Kotamarthi' applied a different approach and pre-
sented a dispersion coefficient in a noncoupled system (or a
capillary tube with a nonporous wall) for the case of suffi-
ciently low wall or zeta potential that accounts for the com-
bined flows. It is worth noting that one can find an excellent
agreement between our results and those presented by Datta
and Kotamarthi.' This comparison can be made here for vali-
dation of our model.
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The two factors Y,y and Y,,, in Eq. 43 are constant and as it
is clear from Eqgs. 27-29, the three factors Y, Y., and Y, in
Eq. 43 depend on the dimensionless Debye—Hiickel parameter,
kp=xR. For this study, the range of the dimensionless Debye—
Hiickel parameter is taken as 1 < xp < 100. These values are
commonly reported in the literature for typical applications of
EOFs.'*7'* In the limit of a very thin EDL (xp — +00)
Eq. 43 can be simplified as follows

. 1
K"]irﬂw{yph YP27 Yp('v Yer, YeZ} :{_Rv ﬁ7 _ﬁv Oa 0}
. 1
— limD noncoupled =1+ — (a)Pe)2

48

Kp—+00

(44)

For the case of pressure-driven (Poiseuille) flow, w =1,
with a parabolic velocity profile, Eq. 44 turns to the dispersion
coefficient in a noncoupled system presented by Taylor.17

Dispersion coefficient in a coupled system

The deviation of the combined velocity profile from its
cross-sectional average and the interaction between the fluids
inside the capillary tube and the porous medium can affect the
dispersion in a capillary tube with a porous wall (or a coupled
system), which is the main purpose of this study and will be
discussed shortly. The dimensionless dispersion coefficient for
a coupled system (D coupled =Deoupled /D7) can be obtained using
Eq. 34

Deowpea=1—[X, 0> +X,e 0 (1= )+ X, (1—0)*|Pe*  (45)

The first term on the right-hand side of the noncoupled and
coupled dispersion coefficients, Eqs. 43 and 45, represents the
dispersion due to molecular diffusion. The other terms on the
right-hand side of these equations are caused by combination
of transverse diffusion and longitudinal advection (i.e., shear
or Taylor dispersion).

The factor X), in Eq. 45 is constant and as it is clear from Egs.
35 and 36, the two factors X),, and X, in Eq. 45 depend on the
ratio of the tube radius to the Debye length. Under the condition
of a very thin EDL (kp — +00), Eq. 45 can be reduced to

A B 1
,mlinlw{xm Xpe: Xe} —{ 144 0}

. A 1
— llchoupled =1+ m (wP€)2 (46)

Kp—+t00

For the case of w=1, which corresponds to purely
pressure-driven flow, Eq. 46 is simplified to the coupled dis-
persion coefficient recently developed by Dejam et al.*>

By defining the ratio of the dispersion coefficients in the
coupled and noncoupled systems as RD=]300upled /f)noncoupled
and using Eqgs. 44 and 46, one can arrive at

1+ L (w Pe)?

p 144
limRpy, 100 =

47
l+ﬁ(a)P6)2 @7

In the limit of a very high Péclet number Pe — +o0, Eq. 47
reduces to Rp = 1/3, which was reported recently by Dejam
et al.> for the case of purely pressure-driven flow.

Results and Discussion

In the following subsections, the effects of Péclet number,
Debye—Hiickel parameter, and Poiseuille contribution fraction
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Figure 2. Dimensionless dispersion coefficient in a

coupled system vs. Péclet number for a vari-

ety of the Poiseuille contribution fractions

when kp=25.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

on dispersion coefficient in a coupled system are studied and
compared with the one obtained for the noncoupled system.

The effect of Péclet number

Figure 2 demonstrates the dimensionless dispersion coeffi-
cient in a coupled system vs. Péclet number for different
and xp=25. As may be expected, the coupled dispersion coef-
ficient for the purely EOF (w = 0) is considerably smaller than
the one for the case of purely pressure-driven flow (@ = 1).
Results show that for 0 < w < 1 (scenario ii), the coupled dis-
persion coefficient is between those for @ =0 and w=1.
When —1 < w < 0 (scenario i), values of the coupled disper-
sion coefficient are less than those for purely pressure-driven
flow. For @ = —0.1 (scenario i), values of the coupled disper-
sion coefficient are even smaller than the case of purely EOF,
which indicates that the coupled dispersion coefficient can be
further reduced in the presence of small countercurrent
pressure-driven flow with a negative Poiseuille contribution
fraction close to zero. When lwl > 1 (scenarios i and iii), the
coupled dispersion coefficient is observed to be greater than
that for purely pressure-driven flow. Figure 2 reveals that the
coupled dispersion coefficient for —w is generally smaller
than that for +w. However, by increasing the absolute value
of the Poiseuille contribution fraction, the coupled dispersion
coefficients for w and —w become closer and finally approach
each other when w — *oo. The analytical formula, express-
ing this condition, can be obtained using Eq. 45

1im Deoupted = (Xpe —X, —Xe) (00Pe)* (48)

w—*oo

which turns to lim ]A)C(’upledo)ﬂioc = 0.00616 (coPe)2 as Xpe—
X,—X.=0.00616 for xp=25.

The results illustrated in Figure 2 show that as expected
three regimes can be identified: diffusion-dominated, transi-
tion, and advection-dominated regimes. The required Péclet
number for transition to the advection-dominated regime for
w >0 (scenarios ii and iii) is generally smaller than that for
< 0 (scenario 1).

Figure 3 shows the ratio of the dispersion coefficients in the
coupled and noncoupled systems vs. Péclet number for w = 0,
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Figure 3. The ratio of the dispersion coefficient in a
coupled system to the dispersion coefficient
in a noncoupled system vs. Péclet number
for =0, 0.5, =1, £2, and xp=25 using
Eqgs. 43 and 45.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

*0.5, =1, £2, and kp=25 using Egs. 43 and 45. This plot
also more clearly identifies three different regimes of
diffusion-dominated, transition, and advection-dominated. The
ratio is unity for small Péclet numbers in the first regime
where the dispersion does not play an important role in trans-
port of chemical species. The ratio is a function of the Péclet
number in the middle regime and it varies within the range
limRpp,_ 1o <Rp<1, in which the lower limit can be
obtained for each value of @ using Egs. 43 and 45

X, 0*+ X, 0 (1-0)+ X, (1-0)*
Y1 @ +Y 0 04Y, 0 (1=0)+ Y (1-0)* +Ye (1-o)
(49)

The right-hand side of Eq. 49 is calculated as 0.074, 0.276,
0.743, 0.333 (1/3), 0.551, 0.372, and 0.479 for v =0, 0.5,
—0.5, 1, —1, 2, and —2, respectively, for kp=25. The coupled
dispersion coefficient is Ry times smaller than the noncoupled
dispersion coefficient for high Péclet numbers in the third
regime. The presented results illustrate that it is essential to
include the species transport between the capillary tube and
the surrounding porous medium in development of the disper-
sion coefficient for the last two regimes. A detailed description
of the three aforementioned regimes for the case of the
pressure-driven flow, @ =1, can be found elsewhere.?!*?
When o — *o0, Eq. 49 reduces to

. X, —Xpe + X
limRp,  =—r _“reTae
Pe—+oo, w—*oo Ypl _Ype +Yel

limRD =

Pe—+o00

(50)

which turns to imRpp,—. 1o, —+00 =0.420 as X, =X, + X
=—0.00616 and Y),; =Y}, +Yc1=—0.01468 for ip=25.

The coupled dispersion coefficients described by Eq. 45 are
plotted vs. Péclet number in Figure 4 for several values of the
dimensionless Debye—Hiickel parameter. In Figures 4a, b wis
taken as —3.5 and —0.5 (countercurrent), which refer to the
scenario i, in Figure 4c o is taken as 0.5 (cocurrent), which
corresponds to the scenario ii, and in Figure 4d o is taken as
1.5 (countercurrent), which corresponds to the scenario iii.
Results shown in Figures 4c, d reveal that the coupled disper-
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sion coefficient demonstrates a monotonic behavior with
respect to xp for flows with characteristics of scenarios ii and
iii. However, it behaves nonmonotonically for scenario i with
o = —0.5 as shown in Figure 4b. It is worth noting that the
behavior of the coupled dispersion coefficient terns monotonic
by further decrease of w as depicted in Figure 4a. Further-
more, results indicate that for both cocurrent and countercur-
rent flows for xp >S50 the coupled dispersion coefficients
remain constant by increasing kp, which resembles the same
velocity profile for large values of kp. The combined velocity
profile can be obtained for any values of the Poiseuille contri-
bution fraction in the limit of a very thin EDL (xp — +00)
using Eq. 1 as limup (rp),, 4o =1+ (1—=2r3). The coupled
dispersion coefficients for cocurrent and countercurrent flows
at large xp can be obtained by applying Eq. 45. It is worth not-
ing that the combined velocity profiles are different for each
values of the w = £0.5 under the condition of a very thin EDL
when kp — +oo while the coupled dispersion coefficients are
the same (see Figures 4b, c).

The effect of Debye—Hiickel parameter

Figure 5 illustrates the dimensionless dispersion coefficient
in a coupled system vs. dimensionless Debye—Hiickel parame-
ter, for a variety of the Poiseuille contribution fractions and
Pe =50 using Eq. 45. As expected, for the case of purely
pressure-driven flow (w = 1) the coupled dispersion coeffi-
cient is independent of the Debye length and it is noticeably
larger than that for the case of purely EOF (w = 0). For a con-
stant value of w within the ranges —1 < @ < 0 (scenario i)
and 0 < w < 1 (scenario ii), the coupled dispersion coefficient
gives values that are generally between those of w =0 and
o = 1. In general, for large xp the coupled dispersion coeffi-
cient is seen to be greater than that of w =1 when |w| > 1
(scenarios i and iii). Figure 5 reveals that the coupled disper-
sion coefficient for —w is smaller than that for w. However, as
the dimensionless Debye—Hiickel parameter increases, the
coupled dispersion coefficients for & and —m become closer
and finally approach each other in the limit of a very thin EDL
(kp — +00). Equatign 45, which is used to express this condi-
tion, turns to lim Dcoupledwﬁﬂo = 1, 5.340, 18.361, and
70.444 for v =0, 0.5, =1, and =2, respectively, at Pe = 50.

Figure 6 shows the ratio of the dispersion coefficients in the
coupled and noncoupled systems vs. dimensionless Debye—
Hiickel parameter for o =0, =0.5, =1, £2, and Pe = 50 using
Egs. 43 and 45. The variation of this ratio for w < 0 (purely
electro-osmotic and scenario i) is much larger than that for w
> 0 (purely pressure-driven and flows with characteristics of
scenarios ii and iii). However, by increasing the dimensionless
Debye—Hiickel parameter, the coupled dispersion coefficients
for w and —w become closer and ultimately approach each
other in the limit of a very thin EDL (kp — +00). At this con-
dition, Eq. 47 turns to limRp ,, .+ = 1, 0.381, 0.346, and
0.336 for v =0, 0.5, =1, and *2, respectively, at Pe = 50.

The results shown in Figure 6 also reveal that consideration
of the mass transfer between the capillary tube and porous
medium for w > 0 is much important than that for w < 0.
Also, for the application of interest with combined flows, in
which a very thin EDL k™! — 0 exists, inclusion of the mass
transport from the tube to the porous medium is necessary
regardless of the value used for the Poiseuille contribution
fraction.

The coupled dispersion coefficients described by Eq. 45 are
plotted vs. dimensionless Debye—Hiickel parameter in Figure 7
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Figure 4. The coupled dispersion coefficients vs. Péclet number for different values of the dimensionless Debye-
Huckel parameter: (a) v = -3.5, (b) w = —0.5, (c) v = 0.5, and (d) o =1.5.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

for several values of the Péclet number. In Figures 11a—d, w is numbers whereas it shows a minimum around kp=3 for
taken as —3.5 (scenario i), —0.5 (scenario i), 0.5 (scenario ii), ®=—35and kp=8 for = —0.5 in the case of high Péclet
and 1.5 (scenario iii), respectively. For o = —3.5 and w = —0.5 numbers. For « = 0.5 (Figure 11¢), Deoyplea 18 almost unity in

(Figures 11a, b), ljcoupled is almost equal to 1 for low Péclet
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Fem s D, .= 70444
70 conpled = 1 V- 1 % 0.8 4 i.
A £ 0.7 -
<g_= E
L T 0.6 1 Pe=350 %+
S E
H <@ 0.5 A
5 I I 3
<Q a E
Z 04 R, =0.3813
- R, = 0346
D, - 18361 1 0.3 4 Fomies.
D, .,=5340 T 0.2 } : :
,,,,,, o 100 10! 102 108 104
©=0(EOF) D=1
J K
Iol 103 - - - > - - - -
Figure 6. The ratio of the dispersion coefficient in a
Kp coupled system to the dispersion coefficient
Figure 5. Dimensionless dispersion coefficient in a in a noncoupled system vs. dimensionless
coupled system vs. dimensionless Debye- Debye-Huckel parameter for » =0, 0.5, +1,
Huckel parameter for various » and Pe = 50. +2, and Pe =50 using Eqs. 43 and 45.
[Color figure can be viewed in the online issue, which [Color figure can be viewed in the online issue, which is
is available at wileyonlinelibrary.com.] available at wileyonlinelibrary.com.]
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[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

the case of low Péclet numbers (Pe < 10) while in the case of
relatively high Péclet numbers (Pe > 25) it decreases first and
then remains constant by increasing the dimensionless Debye—
Hiickel parameter. However, for both values of w = *0.5 the
coupled dispersion coefficient remains constant in the limit of a
very thin EDL xp — +o0. For @ = 1.5 (Figure 11d), ﬁcoupled is
almost unity in the case of low Péclet numbers while in the case
of relatively high Péclet numbers it increases first and then
remains constant by increasing the dimensionless Debye—
Hiickel parameter. Calculation of the coupled dispersion coeffi-
cient involves evaluation of I;(kp)/Io(xp), which approaches
infinity for large values of kp > 709.7. Appendix B shows
implementation of this ratio to avoid this problem.zl’67

The effect of Poiseuille contribution fraction

Figure 8 shows the dimensionless dispersion coefficient in a
coupled system vs. Poiseuille contribution fraction for a num-
ber of the dimensionless Debye—Hiickel parameters and
Pe =50 using Eq. 45. For a constant value of the Debye length
the dimensionless dispersion coefficient vs. @ shows a mini-
mum. As shown in Figure 8, for large absolute values of w,
the dimensionless dispersion coefficient can be considerably
greater than 1. The Poiseuille contribution fraction that results
in minimum dispersion, (®coupled),, can be obtained by differ-
entiating Eq. 45 with respect to @, which results in
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Figure 8. The coupled dispersion coefficients vs. Pois-
euille contribution fraction, o, for different
values of the dimensionless Debye-Hiickel
parameter when Pe = 50.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 9. Optimum value of the Poiseuille contribution
fraction for the coupled and noncoupled sys-
tems vs. kp.

Figure 8 also reveals that by decreasing the Debye length
the optimum tends to zero for xp > 50, where the coupled dis-
persion coefficients are almost the same at this condition
because the combined flows resemble the same velocity profile
for all kp values greater than 50. This coupled dispersion coef-
ficient can be obtained by applying Eq. 46 as
1im Deoupled g, 1 o, |Pe=s50=1+(625/36) 0.

By differentiating Eq. 43 with respect to w, it is possible to
obtain an optimum value for the Poiseuille contribution frac-
tion, (cgnoncoupled) o» at which the noncoupled dispersion coeffi-
cient, Dponcoupleds 1S minimum

2Ye1+Yer =Y, =Y
2(Yp1—YpetYer)

(wnoncoupled)o = (52)

It is interesting to note that (Wcoupled), aNd (Dnoncoupled ), aAre
functions of xp only. Egs. 51 and 52 are plotted in Figure 9 to
provide optimum value of w, for the coupled and noncoupled
systems vs. kp. It is observed that w, for the coupled system is
larger than that for the noncoupled system. However,
(@coupled), aNd (Wnoncoupled), are always negative (scenario 1)

10° : . : j | : ¢

10°

10!

coupled

<Q

100

107! t } } } } } 1

Figure 10. The coupled dispersion coefficients vs.
Poiseuille contribution fraction for different
values of the Péclet number when xp=25.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]
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Figure 11. The ratio of the dispersion coefficient in a
coupled system to the dispersion coeffi-
cient in a noncoupled system vs. Poiseuille
contribution fraction for different values of
the Péclet number when kp=25.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

and they increase as the dimensionless Debye length increases
and approach zero in the limit of a very thin EDL (kp — +00).

The coupled dispersion coefficients described by Eq. 45 are
plotted vs. Poiseuille contribution fraction in Figure 10 for
several values of the Péclet number and xp=25. The results
show that ﬁcoupled is almost unity for Pe < 1 while it shows a
minimum around o = —0.2 for Pe>5. As it is clear from
Figure 10, for lol > 1 and Pe > 5, ﬁcoupled can be significantly
greater than 1.

Figure 11 illustrates the ratio of the dispersion coefficients
in the coupled and noncoupled systems vs. Poiseuille contribu-
tion fraction for different Pe when xp=25 using Eqgs. 43 and
45. The ratio is almost unity for low Péclet numbers whereas
it increases first and reaches to a maximum value (Rp = 1) and
then decreases by increasing o for high Péclet numbers. The
results for the latter case reveal that it is required to include
the transport of the chemical species from the capillary tube to
the porous medium. It is also interesting to note that for all Pe
numbers, the coupled dispersion coefficient is less than the
noncoupled one. This behavior is expected as the transport of
chemical species from the capillary tube and the surrounding
porous medium retards the mixing process leading to a lower
dispersion coefficient.

Summary and Conclusions

This work presents an analytical model for transport of a
neutral nonreacting solute in a coupled system comprised of a
capillary tube and a porous medium. The model applies a 2-D
advective-diffusive equation with the combined pressure-
driven and EOFs in the capillary tube and a 1-D diffusive
equation in the porous medium by imposing the continuity of
concentrations and mass fluxes along the interface. The effect
of mass transfer between the capillary tube and the surround-
ing porous medium was not considered for derivation of the
shear dispersion coefficient in the previous studies and instead
a no-flux boundary condition was assumed at the interface
between the two media. In this study, we use the Reynolds
decomposition technique and a more realistic boundary
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http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

condition at the interface to derive the shear dispersion coeffi-
cient for solute transport in a capillary tube with sufficiently
low wall or zeta potential (<<25 mV) that accounts for the
combined effects of pressure-driven and EOFs. The obtained
shear dispersion coefficient depends on the dimensionless
Debye—Hiickel parameter, Poiseuille contribution fraction, and
Péclet number.

The developed model is also capable to provide the shear
dispersion coefficient for a noncoupled system. The presented
noncoupled dispersion coefficient in this study is in agreement
with that developed by Datta and Kotamarthi." The ratio of the
dispersion coefficient in a coupled system to the one in a non-
coupled system reveals that it is essential to include the trans-
port of chemical species from the capillary tube to the
surrounding porous medium in development of the dispersion
coefficient. The results show that the optimum Poiseuille con-
tribution fraction that minimizes the dispersion of a chemical
species inside a capillary tube is always negative. It was also
shown that the dispersion can be further reduced in the pres-
ence of small countercurrent pressure-driven flow with a Pois-
euille contribution fraction slightly below zero.

The obtained results have implications for design of porous
microfluidic systems. This model can also find applications in
fluid flow through shale and clay rocks, separation of emul-
sions in microchannel-membrane systems, and electrically
assisted transdermal drug delivery. To the best of our knowl-
edge, there are no experimental data relevant to the physical
set up studied here in the literature. Therefore, the developed
model motivates experimental investigations in this area.

In the analysis presented the influence of solute adsorption
on the tube wall was not considered and the tube radius was
assumed to be constant. Moreover, further investigations are
needed to address some of the assumptions made in this study
such as application of the Poisson equation for the electric
potential in the EDL, Boltzmann distribution for the charge
density in the EDL, adopting the Debye—Hiickel linearization
for a sufficiently low wall or zeta potential (<<25 mV), and
the idea of constant wall or zeta potential for a porous wall.
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Notation

aspect ratio of porous medium thickness to capillary tube radius
chemical species concentration
effective molecular diffusion coefficient, m?s~
dispersion coefficient, m?s™!
dimensionless dispersion coefficient
electric field, V m!
coefficient of electro-osmotic velocity
modified Bessel function of first kind

L = length of capillary tube, m

p = pressure, Pa
Pe = Péclet number

1
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radial coordinate, m
radius of capillary tube, m
Rp = ratio of coupled dispersion coefficient to noncoupled dispersion
coefficient
t= time, s
u = velocity, m s~
x = horizontal coordinate, m
X = factor in coupled dispersion coefficient
Y = factor in noncoupled dispersion coefficient

Greek letters

1

¢ = porosity
w = fraction of combined flow contributed by pressure-driven (Pois-
euille) flow
A= defined function in f
0 = Dirac delta function
p = dimensionless parameter with values of O (noncoupled system)
and 1 (coupled system)
Kk = Debye—Hiickel parameter or inverse of Debye length (a measure
of EDL thickness), m ™'
T = time scale on order of diffusion time across capillary tube, s
Ap = pressure gradient, Pa
AR = thickness of porous medium, m

Subscripts

0, 1 = orders of modified Bessel function of first kind
1, 2 = capillary tube and porous medium

D = dimensionless

D = dispersion

e = electro-osmotic

in = inlet of capillary tube

0 = optimum
out = outlet of capillary tube

p = pressure-driven (Poiseuille)

Superscripts

* = inlet of capillary tube
— = average
" = deviations from average
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Appendix A: The Lommel®® and other Integrals
Accompanied with the Modified Bessel Functions
of the First Kind of Order 2 and 3 (/5, /3)

The Lommel® integral, which involves the modified Bessel func-
tions of the first kind of order O and 1 (/y, I;), is defined as follows®

1
J)’DI(Z)(KDrD) drp= 3 1513 (kprp) =12 (xkprp)] (A1)
The other integrals involving the modified Bessel functions

of the first kind of order 0 and 1 (/y, /;) are presented as
below®’
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1
Jll (KDI‘D) er: EI()(KDI‘D) (AZ)

1
JrDlo(KDrD) er:K_rDll (KDI’D) (A3)
D
1
Jrglo(KDrD) dI”D = K_2 I’%) [2[2(}6[))’[)) +KDI‘D[3 (KDFD)] (A4)
D
1
JrgIO(KDrD)er=K—3rl3)(K%,r,%+8)l3(KDVD) (A5)
D

The modified Bessel functions of the first kind of order 2 and
3 (I, I3) as functions of the modified Bessel functions of the
first kind of order 0 and 1 (o, I;) are as follows®’

IQ(KDI"D):[Q(KDI‘D)_ II(KDI"D) (A6)

KpI'p

Ii(kprp)=—

8
D7D IQ(KD)‘D)+ |:1+ )2:| 11 (KDI’D) (A7)

Kpr'p

Equations A4 and A5 can be expressed as functions of the
modified Bessel functions of the first kind of order 0 and 1 (/,
I,) using Eqs. A6 and A7

1
JrgIQ(KDI'D) dI‘D: K—zl’é |:_210(KDI’D)

" (A6)
+ <KDFD + —)11 (KDI‘D):|
KpI'p
1
Jrls)lo(KDrD) drp= —3rg(1c%)ré+8) [— —1Io(xprp)
KD Kpr'p
(A7)

8
+ (1 + (KD,»D)Z) 1 (KZDI‘D):|

Appendix B: Implementation of the Ratio of the
Modified Bessel Functions of the First Kind of
Order 0 and 1, I1(kp)/Io(kp)

Due to the exponential nature of the modified Bessel functions
of the first kind of order 0 and 1 [/o(xp), I1(kp)], the MATLAB
implementation of these functions could only be computed for
Kkp < 709.7. However, the functional form of these equations
can be rewritten in such a way that enables computation for
Kkp > 709.7.2"%7 The asymptotic form for the modified Bessel
function of the first kind of order 0, /y(xp), when kp — +oo

65
18

1
lo(kp) = \ /5" (B1)

Noting that dly(xp)/drkp=I,(xp), the asymptotic form for the
modified Bessel function of the first kind of order 1, I;(xp), is®

[ 1
1-— B2
27IKDe ( 2KD) ( )

Therefore, the ratio of the modified Bessel functions of the
first kind of order 0 and 1, I,(xp)/lo(kp), can be calculated as
follows using Eqgs. B1 and B2

I (xp) =~

~1l-— (B3)

These relations extend the range of computation of the above
functions for xp > 709.7.
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